


r JNTEGERS, I'RACTIONS AND KKEAL NUMBERS

Types of Numbers

L

Inteqers {

An inteser is any positive or negative whole number (including zero).
The set of intfegers is denoted by the symbol Z (nofice the double line).

| pational, irrational and real numbers

{ “A rational number is any number which can be written as a fraction.”
| Don't forget, any whole number can be written as a fraction over I.
|._The set of rational numbers is denoted by Q. s

Recurring decimals are rational.

For example 0.33333..... (= 0.3) can be written —15 hence it is rational.

16 ie rafional because it can be written 1i =
10 5

A number which cannot be written exactly is itrational.
Irrational numbers are non-repeating decimals, which never end.

 The set of real numbers is denoted R. Any rational or irrational number is a real number.

" @urds are irrational expressions which contain a [ sign.

Don't forget || can also be wriften A )

—

The following expressions are in surd form:
25, L1+ 2 y

Y=Y s nof a surd, because —— = i, i.e. it is rational.
3 3 3

Look at these examples:

Are these expressions rational or irrational?

' /8
a) 0.6 b) 5.26 Y8
) ; 5
a) rational because O,é = _2.
b) rational becéuse 526 = 526 _ (263)
100 50
c) rational because 0 _ 2828427... _ 5
2 1414213..
Thie result could also have been obtained from -‘@ o Vaxe
F R
- \/—4_ X \/E
N2
=4 =2
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Tvpes of Numbers

Now you have a go af some:

I) Are these expressions rational or irrational? Explain your answers.

a) 2 b) 0.236 849 c) 64
d) 2T e) (V5 f) 8 x 2

2) Which of question I parts a), ¢), e) and {) are in surd form?

83) True or false?
a) All integers are rational.
b) All surds are real humbers.
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Fractions

Rules of fractions

You must be very confident with the four rules of numerical fractions,
as the same fechniques will be widely used with algebraic fractions.

Adding and subtractin

In order to add or subtract fractions, the denominators must be the same. Hence we look for the
lowest common mulfiple of all denominators (also known as the lowest common denominator).

If you are dealing with mixed numbers, first furn them info top-heavy (or vulgar) fractions.

Look at these examples:
, 5.3 .10 9
6 4 12 12

Don't add the
denominators.

\I

ol
N&ww|_z>
NN

107

If he can do it, so can you.

Don't forget, multiplying denominators together will always provide a common multiple,
although this will not necessarily be the lowest common multiple.

For example, the first example could be solved by:

5 3 20 18

2o = - — e

6 4 24 24

The technique of multiplying the denominators fogether
is used when adding or subtiacting algebraic fractions.
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Fractions

Multiplying

I) Turn mixed numbers into fop-heavy fractions.

2) Cancel any numerator and any denominator.
(This will ensure that the answer is in its simplest form).

3) Multiply the numerators and
4) Muitiply the denominafors.

Dividing

I) Turn any mixed numbers info fop-heavy fractions.

2) Turn the second fraction upside down and change the sign fo multiply.

3) Proceed exactly as for mulfiplying.

Look at these examples:
g 3 3! 16" i 2 7.2
I - + — = — — _ -
S T TR ¥ 8 35+ 3 = 2 3
. =
1 I S |
2 2
= 4 _ 2‘1
4
3 2 1 5 -51
2 2= 1= = = — -
4 X377 %3 4
_ 55
12
= 41
12
Now you have a go at some:
3 1 5 1 1 3
¥y = 3 = 2 1> + 2= 8 5= = =
4 4 3 4 6 2 ) 3 2
3 7 2 1 3 5
49 = of = 5 22 x = 8 1= = =
)7 % 3 )23 % R
7) 5l + 2—1—
3 4
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Fractions
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LAWS OF INDICES 6

Laws of Indices

What are indices?

For the value 4%, 4 is the base and 8 is the power or indéx (the plural is 'indices’).

42 =4x4x4 = 64
" 4 is multiplied by itself 3 fimes.

B*=8X38X3BXxBXx88 = 243
3 is multiplied by itself 5 fimes.

Fractional indices

If a humber has a fractional index this means 'the root of'.

1
e.g. 643 = 364 — this is the 8rd root of 64,
i.e. which number multiplied by itself 8 times gives the answer 647

1
So 643 =4 because 4 X 4 x 4 = 64

1
2435 means find the 5" root of 243, i.e. find the number
which when multiplied by itself 5 times gives the answer 243.

!

2435 = 3 because 3 X 3 X 3 X 83 x B8 = 242

Clearly not all roots will have whole number values. Make sure you know how
fo use your calculator effectively when using indices, as calculators can vary.

Multiplication

3" x 872 = (Bx83Xx83x8) x (8x3)
= 383X8BXBXxBXxBXx8= 3°

8o x* X xt = xotb

NOTE : This only works when you use the same base in your calculation.

8o 2% x 27 = 20+) =21 put you can't use this rule to work out e.g. 2% X 3°
What happens with a multiplication such as 8a° x 2a%7

The base is the same for both terms (base a) and multiplication is commutative,
(it doesn't matter which order you do if in) so we can rewrite the expression as
8xa°X2xa°

then rearrange this fo give 8 X 2 X a° X a° fo gef 16a"

another example: 9b2% x 4b7 = 86b"°

Section 2 — laws of Indices



Laws of Indices

What about (x°)°?

Consider (4%)2. This is equal to 4° X 4°
=(4x4x4) X (4x4x4)
= 46

8o (Xa)b P Xab

Example: ~ (2°)° = 248 = 9”2

Division

We can see that e = Axaxaxaxa
4x4x4

Cancelling through gives us = dxd = 4§

Qo ~ X =x"t| Again this rule only holds if the base is the same.

What about a division such as 16¢° + 8c°7
Again, check that the base is the same then rewrife this as a fraction:

16¢° _ & i
8¢c? g8 ¢
= 2c

what do we mean by a number with the index 02

Consider 4% = 4% = 4% = 4°
But 42 = 4% =1 so 4° =1
Qimilarly 26 + 26 = 2° but 20+ 2° =1

Generalising, | x° = 1 for any value of x

Negative indices

What do we mean by 4°7
The negative sign means ‘one over' so 4 means ‘one over' 4°

1
ie. 47 = —1; = —
4 64
27 = i e L
2° 32
a 1
X = a
x

Section 2 — Laws of Indices



Laws of Indices

What does simplifv mean?

Simpiify means that you shouid fry, as far as possibie, fo write the numbers in
terms of one base with ifs index. Clearly this will not always be possible, so write
the simplified expression in terms of the minimum number of bases possible.

e.g. Simplify 85 x 88

85X 88 — 873

Simplify a° + a* x b® x b*

a®+a* xb®xb? =|a°b

Simplify 2° + 47

Initially you may think here that we cannot simplify the
expression any further since the bases appear to be different.

Ask yourself the question — can either of these bases be written in terms of the other?

You should spof that 4 = 27

8o: 2° + 472 = 26 + (2%2)?
— 26 = 24
= 02

And finally... x5

: *
b

SHES

% b= (><b)a which is the same as (x ?

119

Let's try finding 64> using the two different methods above.

[SSARN]

1 !
a) 643 = (643) b) 64 = (6493

1
= 4 — 40963

— 16

You should see that method a) is simpler in this case.

Section 2 — laws of Indices



Laws of Indices

Examples:
Simplify the following expressions:
! L
a) 4° b) 643
c) 27 3 d  a?xa
2 3 -3
= - 95 22
o) 27 x 32° ? (f )2
= L]
g 47 =4 =2z b 64° =364 =4
2 !
c) 273 = (273) d o xd® = F0x#2
e) 23 x 825 = 2° x [(2)°] 7 (254)2 = [(254)z]-a
2
— p3 _ 5/
2 x & = ( 2)3
o h
T
Now you have a go af these:
Express the following in their simplest form:
1 L 13
) 92 2) 81%4 3 64° 4) 27°
3 5 2
5 4°7 6) 64° 7) 64 ° 8 b’ xb°
Q) g7 . g.; io/' y10 % y2 . YS
125 .3 16 -5
] —)° 12) (—)°
) (5 ) 5

Section 2 — Laws of Indices
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Laws of Indices
LA
LT
LT
T .
I
5(517) _
i
€
g-(;) -
6 6 z 8
e[% (E)] = %_ ('9_[) (z1 E = %(a) (11
A=A+ A X A (ol 8 = S8+ 3 (6
91—
I
®)=
W9 = 9% (8 Ae ¥9) = ¢ ¥9 (L
I €
L -
I
. £ _
43 :
¢€ € =
(o ¥9) = o9 (9 lz¥) = v (g
I S I
L = o/t (¥ ¢ = 9¥9 (g
[
€= 18 (z £ = 6 (1
I !
sGoHN[og
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» BASIC ALGEBRA

Factorising

Factorising means finding common aspects to each term in an expression.
inallu it's the opposite of expanding brackets, i.e. it's pufttin brackets in.-
asically, ] g in

Wiake sure that after you have finished factorising, the confents of the brackets
cannot be further factorised in any way.

Here are a few examples:
Factorise: 1) 14x + ZIxy Don't forget to check your answer
=7x (2 + 8y) by mulfiplying back out.

2) 2%y + 4xy®

If necessary, find common factors, by writing like this:

2xxxxxxxy+4dxxxyxy 8o DFy+dxy’|=2xy (X + 2y

3) 4x* - 4x
=4 (x-1) [Nofice the ~I]

4) Bx(x+2)-4(x+2)

(x + 2) is common to both expressions, so

Bx(x+2)-4(x+2) | =(x+2)(8x-4)

Now you have a go af some:

) 9x- 2z 2)  20x°-4x 3) 8%y + 28xy’
4) 8ma® + 4mab 5) 6+ 2¢ 6 Yy +37-y
7) 4x(2x+ 8)-8(2x + 3) 8) 5x%(x-1)-2x(x-1)

[1uouy ayy ge x siyy gnd of jensn s 4] (z-xg) (1-x) x=

uoynjos [euy oyt 4ou st sy 05 ———— (Xg = XG) (1=%) = (1 - X)xg-(1-X) X6 (8
,rges;;/o,tae‘,t aq [[],ls ueo ,la),'oe.lq pL’Z QL[,C NI (8 _ Xﬁ) {8 + XZ) _ (8 x XZ) 8 _ (8 + XZ) Xi7 | (z
(1-fg + )= Fh-fig+i (9

(x+8z= 2c+9 (g

(qp + eg) ex =  qevy + prg (v

(fy + xg) Pxy = FAxhAxxxgg +Axxxxxg= fixgg+hixg (g

(1-xg) Xy = X~ %0z (C

(zz-xg)e = zz-x6 I

suonnjog
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Algebraic Fractions

The four rules of algebraic fractions are exactly the same as those for numerical fractions.

Dodgy (i.e. incorrect!) cancelling does pose a problem in this section. Remember, you can only
cancel when there is a multiplication sign between terms. (This multiplication sign may be implied.)

8o, you can cancel here:

But, you cannot cancel here:

23_Zl><z><z_2 y2 + 2y + 3
z - a7 v
and hare: [Because of the addition signs]
(z43) (z-2)
= (z-2)
{z+3)
If necessary, refer back to the four rules of numerical fractions at this point.
Now a few examples:
Simplify:
3X+y X =2y
Voo T 7
The lowest common denominator is 14, so:
3X +y X —2y 7(3x+y) 2(x—2y)
2 7 14 14
_ 2Ix+7y-2x+4y _ I9x+1ly
14 a 14
1 3 I(x+1) 3x
% X + x+1 X(x+1) X(x+1)
x+1+3x 4x +1
x(x +1) Tox(x+1)
3) X+3 o x°
. 2X (x +3)2
We can cancel:
x¥3 X7 X
26 (x+3) 2(x +3)

Section 3 — Bas/c Algebra
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Algebraic Fractions

A

~ al@a-b)  (a-b) e
4) b2 S 5}  8olve this equation:
r .t
ala—b) a 4 X+3
B b2 La—b) 7o do this you need the LHS
to be a single fraction:
b2 4(x +3) 4(x + 3) 2
X+7
Ax+3) - °
x+7 = 8(x+3)
Xx+7 = 8x+24
-17 = 7x
L
-7
Now you fry these:
1) Cancel these fractions as far as possible:
3% 8x* (x+3) 8x +16
4 Tx b) 4x ) x4
2)  Express as a single fraction:
2 1 3 a 2a
3+— - = s
) X b) x+1 x-2 9 b 3b
3) 8implify these expressions:
3x+9 X X+3 X
a g 3(x +3) < X3
X(x - 3) X-3 , o 3x+6
c) 3 + d 12x(x+2) =+ >

Section 3 — Basic Algebra
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Algebraic Fractions

Xt =
AXE « (2axxar =
+ X X
2 X @+ Xz — ¥+ (Za XPE] P
X 9+><g
£
2X
et i € e
X (e—x)x e-Xx (e —x)x
sl x 2 (q
€+ X C+X
v
X
(e+%)e v (E+X)e ¥ 4
X (e4+x)g X 6+><€( (e
g€ _
D
_CI_S E = SE_ E (o
D2 D¢ DZ D
(2=x)1+x) _
G —XZ ~
(2—x)(1+x) _ X
C—Xg—72—-X 2+ XE
@=X)N1+x) _ (2=-x)T+Xx)_ 2-%x _I+x X X X
= = — ( e ok — e
(1+x)¢e (2—x)1 S I ? 2 X€ z (@
(2-x) (e-x2 4,
(2+X)y (2+x)8,
Xy / X/
XX = e - = o e
(€ +X)x2 €9 78, (q %E ¢ (e (1
SuomOg
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Changing the Subject of a Formula

In the formula y = mx + ¢, y is known as the subject. If you wanted fo make x the subject of
the formula, you would simply have fo rearrange it, just like when solving lingar equations:

First take ¢ from both sides: y-c = mx

y—c Notice the whole of the left hand side

Then divide both sides by m: 5 X (LH8) must be divided by m

It doesn# matter whether the subject of the formula ends up on the right hand side (RHS) or LHS.

Now, let's look at a few examples:
) Make b the subject of the formula:

b2
a = —
2
22 = b? b = =v(2a) ‘
The subject of the Fornula One.

Sometimes you need to gather all the terms involving the proposed subject
on one side of the equation, first:

2) Make a the subject of the formula: 3) Make v the subject:

1

2 +b? = (3+3a)(a-b) L l+%

a2 +b? = Ba-8b+a%-ab P v
First make the RHS a single fraction

Gather all terms involving a on the LHS 1 _ L

2+ b?—8Ba—-a?+ab = -38b P~ vt vt
1 tT+v

Gather all other terms on the RHS n =

a‘-’ " N p vT
_Ba—g+ab = -b°-3b

- 3a . Now multiply both sides by vf,
then both sides by p.

Take out any common factors (Thig can all be done in one step).

a(b-8) = -b(b+3) vt = p(f+v)
vi = pt+pv

Divide both sides by (b - 3) vi—pv = pt

—b(b+3) v(t-p) = pt

. b-3 pt

Vo= 30,

Section 3 — Basic Algebra
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Changing the Subject of a Formula

Try these for yourself:
) x = 5y’ Findy in terms of x, if y isa positive humber.
2) Express a in terms of b, given that: b (a+2) = 4
9
8) Make C the subject of the formula: F = 5 €+ 32
+1 +2
4) Make z the subject of the formula: 2 = £
Z+4 z+3
5) Make t the subject of the formula: s = (Tu+ )
6) Make x the subject of the formula: 'y = 3. /x=2
6
75 = X X6 = g (1-ns)n = 4 n—Np = §
2Ae
¢ _ 6 N+ o= g
X A
2+xp = & (h+N = ns
A
X} g = A - (
- = = & g
& 9 (n+1)
< - 2 z; = g-
&~ 6
2y - Z-29+ 7 = 8-g 9 = (zg-4)=
8 +29 + Z = &+ Ziy + Z 36:-"(38_;{).9
(@ +2)(y +2) = (g+2)(1 +2) 0% =78~
R Ay ze+02 = 4 (g
2+Z I1+zZ 6
L. = & G- = g %\ - A
Q@-v X
r = qz+qe A =9
X
y = (z+8)q (g As = x (I
suoinjog
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7 (JUADRATIC EQUATIONS

Quadratic Equations

y =x+ 2x + 1 is a quadratic equation.

Quadratic equatfions must have an x2 ferm in them but can also have an x ferm
and/or a number ferm (a constant). To be a quadratic equation they can not have
any other powers of x such as x® or x3.

The following expressions are quadratics:

y=x*+4 y =4 -2%x-8 y= x2+7x

The following are not quadratics:
y =%+ 2%+ 1 y=x2+2x+x?

solvina guadratic eguations

What do we mean by solving quadratic equations?

Thie is the process by which you find the value(s) of x for which y = 0.
Thic can be demonstrated clearly on a graph.

g = X - X \6 ‘ y Ifl The two solutions of the equation
I\'\,‘ ’ /,/ y =x2-x-6 are the values of x at which y = 0.
R \\. 1 1'/ X
= \ i ,' T These values occur when the curve infersects the x-axis.
\ ” / In this example you can see that these are when
N x==2| ad |x=38

In the case opposite there is only one \ _ y=x>+8x+ 16

A /
colution of the equation y = x* + 8x + 16 \ /
since the cutve is tangential fo the x-axis. \

I+ touches at one point without crossing \ /
the axis. \
he N /
The solufion is l x=-4 L N |
\ ol /
\ / In this case the curve y = X% - 2x + 4
\\ / does not intersect the x-axis, so there are
T / no real solutions fo the equation.
#
\v’ o .
y=x2-2x+4
—

Cortinn A — Ouadratic Equations
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Factorising v = ax? + bx + ¢

Now we've seen what is meant by solving quadratic equations, how do we actually do it?

There are 8 methods:

L. Factorisation
2.  Complefing the square } Methods 2 and 3 will be covered
8. Using the quadratic formula in detail in the PI module

Factorising is easier ifa = 1

Factorising means putting the expression info brackets. This is easier when the number in front of

the x?> term is I, i.e. a = 1. We'll start with this kind.

First of all, make sure that you have the x? , x and constant terms on the same side of the equation.

This now gives you

y = x°+ bx + ¢

Eind 2 values which give Tf'e same 2 values, myst
the value ‘¢’ when give the value 'b" whep,
multiplied together. added fogether.

Here's an example.
Solve y=x2+7x+ 12
In this case b = 7 and ¢ = 12.

Put the expression equal to zero since when you solve equations, y = 0

give ‘e’ and the sum of these numbers.

Numbers which multiply to give 12 These numbers added
1X12 I+12= 13
2X6 2+6= 8
3 x4 3+4= 7

You'll see that 3 and 4 multiply to give 12 and add to give 7 so we can put the expression info
brackets: (x + 8)(x + 4) = 0 (Check this by multiplying out the brackets.)

BUT! You haven't finished yet!
If (x+ 8)(x+4) =0theneither x+8=0 or x+4=0
So =-8| or |x=-4 8OLVED!

When you first start doing these it can be useful to table the pairs of numbers which mulfiply to

Section 4 — Quadratic Eguations
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Factorising v = ax? + bx + ¢

Qolve y = X* + 9x + 20
b=9ande =20

Numbers which multiply to give 20 These numbers added
1x20 1+420= 2
2 x10 2+10= 12
4 X5 4+5= 9
(x+4}(x+5):0 80 x = -4 or |x=-5

Golve y = x? + 6x - 14
b=5 andec = -14

Numbers which multiply o give -14 These numbers added
-1 xX14 S1+14= 13
-2 X7 2+7= 5
1% -14 1+ (14) = -13
2 % -7 2+ (7)= -5
(x-2)(x+7)=0 so |x=2 or |x=-7

Obviously you don't need to work out all the values if you get the right paiting.
Also, a tip for you — if ‘¢’ is a negative value then one value of x must be negaftive
and the other must be positive; so you know your brackets will be:

(x+ ?)x-7)=0

Qolve y = x? -8x+ 15
b=-8 andc =15

Numbers which multiply fo give 15 These nhumbers added
1 X156 I1+15= 16
3 X5 3+5= 8
1% -15 1+ (-15) = -16
il 2 x-5 3+ (5 = -8
(x-8)(x-5) =0 so |x=8 or |x=5§

Another tip for you — if 'c' is a positive value but 'b' is a negafive value then your brackets will be:
(x-?)(x-7)=0

so you just need negative values in your table.

Section 4 — Quadratic Equations
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Factorising v = ax* + bx + cwhen a = I

This is a bit more complicated. Somefimes it's just worth trying different values in the brackets
but there is a more ‘organised’ way which you may prefer when you're starfing off.

Here's an example.

y=2x*+7x+6

I)  First of all fry fo establish which terms go at the start of each brackef.
Since you fiave 2x? here, the brackets must be:  (2x + 2)(x + 7?)
2) Now draw a table showing the 2 numbers that multiply to give ‘c’
x value Pairs of numbers which multiply to give 6
2x P A 6 3 2
X A 6 1 2 3.
Multiply these diagonally with the x values as shown above then add the 2 resulis:
(2xx 6) + (xx 1) = I8
(2xx 1)+ (xx6) = 8 you can see that
(2xx 2) + (xx 8) = ¥ this is the
(2xx 8) + (xx2) = 8 correet pairing
3) The solution is given along the rows  (2x + 8)(x + 2) = 0
-3
either (2x+8) =0 so |x= 5 or (x+2)=0 so (x=-2
Here's another example:
y=38x*+x-10
The brackets must be (8x + 7)(x + 7)
Table the possible pairings — you get:
x value Pairs of numbers which multiply o give (-10)
3x -10 10 -1 1 -5 5 -2 2
X 1 -1 10 | -10 2 -2 5 -5
There's no need to write down all the possible diagonal multiplications
— you should be able fo do these in your head to save fime.
You should see that:
(BxX 2) + (xx -5) =x
so, reading along the row: (B8x-5)(x+2)=0
5
Either (8x-5)=0 so |x=5| or (x+2)=0 s |x=-2
)

Don't worry - you'll get quicker as you practise these!

Section 4 — Quadiatic Equations
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The Difference of Two Squares

Whenever we have

it Y =  asquared ferm MINUE  another squared ferm

This is called: THE DIFFERENCE OF TWO SQUARES

e.g. y =a - b?
Why is this so important?

Well, it's because if you recognise that an expression is
"he difference of fwo squares' you can factorise it very easily.

If y = a?—b? then factorising gives us: y = (a + b)(a~b)

e.g. Factorise the following expressions:
a) y=x’-25 b) y=4x*-8I
y = (x + 5)(x-5) y = (2x + 9)(2x - 9)

')

Section 4 — Quadratic Equations
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Ouestions on Quadratic Equations

Solve the following quadrafic equations:

) x2+8+2=0
4) X -dx-12=0 5)
7) 2 +9x+9=0 8)
10) 8x* -16x + 21 =0

2) X +8+7=0
X2 -7x + 10 =0
57 +13x+6=0

8 X +4x-12=0
6 X -ldx+40=0
9) 2¢-x-10=0

) y=x-9
3) y=4x*-16

Factorise the following expressions:

2) y=x-16
4 y=9%-25

(g -xg)(g +xg) =h
sz-26=HhH (¥

(& - X))t + x) = A

(v -xg)y + xg) =f
gl-x=h (g

(g -X)(g +x) =h

g1-x=h (g 6-Xx=h (I
SaJenps OM,L J!O 60U6J9‘H,Ip aq_l
¢ z
S:XJO_::X Z—:XJO_:X
L g
0= (8-x)(£-xg) 0 = (z + x5 -xz)
0 =1z +x91- x¢ (0l 0=0l-X-xz (6
Z—:X.{O_S_:X 8-—:X~IO£:X
c— c—
0 = (z + x)(g + Xg) 0 = (¢ + X)(g + x7)
0=9+x8l+ X5 (8 0=6+X6+ 27 (L
Ol =Xd0 7 =X G=X0g =X 9 =X10g-=X
0 = (0l - X)(tr - x) 0=1(5-X)z-x) 0=1(9-X)(z +x
0=00+Xxpl-X (9 0=0+x-Xx (g 0=0l-Xt-x (¢
9-=Xldog =X [- =Xd0 /- =X |- = Xd0 g- =X
0 =(9 + xX)(z - x) 0=(1+XNL+ X 0=(1+x)Nz +x)
0=0l-Xt+ X (& 0=L+X8+ X (o 0=C+X+x |l

sUoenba oieIpenb JUIAjog

suoinfog
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I.INEAR SIMULTANEOUS I, QUATIONS

The Elimination Method

2y-x=6

10
8-\ (33
/ \\
/ \\\ l\x
|

/—6 _4\y+x___4

The graph displays two linear equations. The point
of infersection represents the only value of x and
only value of y, which satisfies both equations.
x=2%2andy= ¥ is the solution of the pair of
simultaneous equations:

2y-x=6

Solving Equations Algebraically

it's more efficient to solve them algebraically.

Although simultaneous equations can be solved graphically,

The elimination method relies on one variable being removed,
t0 allow us fo find the sole value of the other variable.

Solve: -2y =1 1
2x + 8y = 1.6 Z

Here's an example of the elimination method:

In order o eliminate a variable, you need the same coefficient of that variable in each equation
(ignoring the sign). Suppose you choose fo eliminate y:

There are 2 y's in the first equation and 8 y's in the second. The lowest common multiple of
2 and 3 is 6, so we require 6 y's in each equation. To achieve this we need to multiply the
first equation by 3 and the second equation by 2. if's perfecily accepiable to mulliply
squations by a constent, provided every ferm in the equation ie iransformed in the same way.

We're eliminating y. Notice we have a

(2x 2) +8y = I.5
4 +8y = 1.6

Qo: 3x-2y =1 i positive and a negative coefficient of y.
3 ) Because the signs are different, we
2x + 8y = 1.5 4 eliminate by adding the equations

together. If necessary, look at the

2x1 9x-6y =28 g variable you are eliminating and

2x 2 dx + 6y = 23 4 remember:
8igns the Same So Subtract

2+ 4 3x = 26 g% [x = 2

fow we have found the value of x, we can use this fo work out y:

Substitute x in Z: (Choose Z to avoid the negative 2y).

8y = 7.5 S |y = 256
You can now perform a check:
Substitute x and y in i: (3x2)-(2x25)=1 YV

Section 5 — Linear Sirnultaneous Equations
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The Substitution Method

Another method of algebraically solving simultaneous equations is the substitution method.

This involves rearranging one of the equations and substituting it info the other.

Looking back at the graphical example on the last page:

2y-x= 86 1
Uy+x =4 2

Rearranging Z, gives:

X = 4-y

Now replace the x in equation , by 4 — y
2y-(4-y) = 6
2y-4+y = 6
By-4 = @

8y = 10 y = =

Substitute y in 2:

10 2
T tx = 4 x = 7
3 3

when one equation is linear and the other is quadkratic.

This substitution method is used in the A8 course, as it proves particularly useful

Now your turn...

I} 8olve these simultaneous equations, by a method of elimination:

a] bx+8y = 17 b) 7x-8y = 48 c)] 5p+2q
4dx + 10y = 25 x+0b6y = & 3p + 4q

2)  Solve these simultaneous equations, by a method of substitution:

a) x = 2y+1 b) a-8b = 11 ) Bx+y
Sx-4y = 7 A 5a + 2b = 4 x - 2.5y

8)  In a quiz, 1 correct answer and 3 incorrect answers scores 6 points,
whilst 2 correct and 4 incorrect scores 16 points.

a)  What is the value of a correct answer?

b)  How many points are deducted for an incorrect answer?

-30
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Solutions
Jamsue {OSJ.IOOU,I ue »IOj pa;onpap ale S,lU_lOd O (q Z-— = M
-spuiod ;| SI JoMsue {08409 e 0 anjen ay] (e ‘og - " MG Z-5
gl = 0 g zl = M9+07 ixg
9 = (z—xg)+0 F 9 =My +0C
furmang ] 9 = Me+0
A eq Jamsue }jos4l0dul ue ‘}0 an|9/\ Gq.l. pUB 0 Gq Jomsue }0s8JJ400 & j-O enlBI\ QLH- 197 (8
Z— = h 7 = ¢
(L = fi+(gxg) n = ({g-xg)-#
furxqgng fuqaqgng
g= X 8= §G/—-X98 g =g y =85+ q/
8 = XGL + Gl ~-X = 9z + 951 + S§
8=Mxe-£)5T-X% =9z + (9 + 11) 8
Z opul & qng Z ojul 22 qng
g xg-( = A Juwoy g qg+1= ¢t [uwoi
Z g =figg-x & y =497 + €S
i L = fi+xg (o i I = g92-¢ (q
g = X g- = b
| +(oxz) = x o- = bg
fufigng 08- = bz + (-x3)
g = h os L = g+ 1fig fudqgng
L = hy - g + Ag p- = d
L = fy-(1+hz)e 8- = 4 Z-%
Zuiqgng g 09- = by+do Ixz
Z L = fy-xg z 78 = by+dg
I |+ Az = x (e(g I 0g- = bg+ds (o
- = h g7z = X
[- = fAgo szl = X§
5 = A50+9 [ =(51%8) +x3
& urxqng [uhgng
9 = X ST = h os (/g = Hgg g-%
8. = Xxel E+1 ¥ gzl = fog + X0z &X3G
g o0g = fig+x9 Zx9 g 89 ="figl + X0z ixy
Z g = fhAgo+x Z sz = fol+xp
I gy = he-xx (q i ua = bg+xs (e
SUoifn[og
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Finding the Gradient

To find the gradient of a sfraight line we need o choose 2 points on the line.
In this case we have point A(2,6) and point B(8,18).

- B(8,18)
/;j/-
/
/ .
151 //. A The gradienf - 1’\8 6 - E - 2
,/’/ - i 6 _ 2 : 6
yd
10 /./
6-18 ~12
a OR:- - _y
_'.// 2—8 _6
T A(2)6)
4 8o the gradient = ﬂ?ﬂ?g?_’ﬁ.y
4 : change in x
AN 5‘ X

MAKE SURE that you always position the y-coordinate of a

given point over the x-coordinate of that point in your fraction.

It doesn't matter which y-coordinate from the two points selected goes
first so long as the corresponding x-coordinate is positioned beneath if.

y-coordinates

Both coordinates ——””‘E’B - 6 Both coordinates
for point B ~——p, g _ o & for point A

LVl

x-coordinates

It's always useful fo draw a sketch for gradient questions.

Also watch out for those negative values as they can cause problems.

E.g. Find the gradient of the line through the points (-2,5) and (7,-2)
y .
'T Gradient = oh_agg_e_r'_n_g
change in x
P(-2,5) =B
s (-2) -7
&
\ =5+2
-9
; - =
®. Qu-2)

Section 6 — Straight Line Graphs



27

Finding the Gradient

Now you have a go at these.

Find the gradients of the lines which pass through the following points:

L (5.6)and (9,75)
2. (2,12) and (4,])
3. (-6,-2) and (3.4)
4. (-4,8) and (10,-3)

vi
-

ol -t~ .

E+8

ol -1v-
e-7-8

X uy agueyo

Frur a5 e
& 6

A Z se swes 8y} SI yoiym g9

9+¢&
73 74
(9-)-&
()
X uf agueyo

A uragueyo

= juaipeis ‘i

= jusipess g

g 7
[I- se awes ay} si yoiym [
17487
I-zi
x ul agueyo
TR
174
6
g-6
S8 -Gl
x ul agueyo
hurspueyo

= juaipeis g

= juaipes °|

suoynjog
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v-intercept,

Horizontal and Vertical Lines

The y-intercept

Y4

N

4

The y-intercept is the y-coordinate of the
point at which a line intersects the y-axis;
i.e. where x = O.

In this case the y-intercept = 4

Eaguations of Vertical and Horizontal Lines

Remember x = ? is veitical, and y = 7 is horizontal.

yA

x=6

Whenever you have a vertical line then the
equation of the line will always be:
x =7
where ? is the point at which
the line infersects the x-axis.

In this example x = 6.

This is because along the line, y can take
any value but the value of x is always 6.

Whenever you have a horizontal line then
the equation of the line will always be:
y=7
where 7 is the point at which
the line infersects the y-axis.

In this example y = 17.

This is because along the line, x can take
any value but the value of y is always 17.

Section 6 — Straight Line Graphs



y=mx + ¢

\ Fouation of A Straight Line in the Form y=mX + ﬂ

The equation of a straight line can be written in the form:

y =mx ¢

5

i1 ig the gradient o is the

intercoP"

If you know the gradient and the y-intercept of a straight line, you can give the equation of that line.

e.g. Aline has a gradient = 4 and y-intercept = 6. Find the equation of the line.

g=mx+o

lg = 4x+6

L

e.g. Find the equation of the line which has gradient = 2 and which passes through the point (0,7).

mwhat is the y-intercept?”, you might think. The y-intercept is the point at
which the line infersects the y-axis, i.e. when x = 0. Qo the y-intercept = 7.

y=mx+e¢c

‘g:2x+7

Now you try some:

. FEind the equation of the line with gradient 3 and y-infercept 5.

2. Find 1he equaﬁan-c—f the line which has y-infercept -2 and gradient 4.

2. Find the equation of the line whiich has gradient -2 and which passes through the point (O, 6’).J

9g+xg-=h &
z-xw=H0 T
g+xg=Hh

suonnjog
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Finding the Distance Between 2 Points

Ya

B(9,12) /

A(3,4)

How can we find the distance between points A and B?

Start by sketching the line.

Complete the right-angled triangle ABC.
You should be able to see that point C
has coordinates (9,4).

Find the distances AC and BC.

AC=9-8=6
BC=12-4=8

We can now use Pythagoras’ theorem.

By Pythagoras' theorem

AB* = AC* + BC*
AR = 6%+ &
AB? = 36 + 64
AB = 100 = 10

Example:

Find the distance befween points P(4,8) and Q(14,10).

Q(14,10)

P(4,6) R(14,6)

B

X

Draw a sketch marking on the points P and Q.
Complete the right angled triangle PQR.
PR=14-4 =1]0

OR=10-6 =4

By Pythagoras's theorem

PQ? = PR? + QR?
PG? = 10° + 47

PQ? = 100 + 16

PQ? = 116

PQ = 116

Section 6 — Strajght Line Graphs
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-g|Suelly s9[90508] UE 8q {5NU HOdV O_S/‘ = Md
'yyus) ul [enbe aue MO pue 0d 99UIS d+ L=
LB ¥ () -E)=
¢= ggfh= WO LD+ Dd=
| L= qdov'4]
(£-9)+, ((1D-9=
LAd+.08= 0O P
T —— Jilgvid
¢= g =0d o
)+ b= (e'e)d
L) -+ (T-9)=
OV +,dV=.0d
OdvV U
4 v
g
sof=  od S ogt= OV
I+y9f = Dd p+9IM= OV
Lo * M= (€-9+,((1)-€) =
ZO+z2a= Dd X0+ XV= OV
Zogvu ; Xov v
47
S= av (zza |z
601N = AV = |
{E) + b= ~ 7 (e'1-)0
[T+, (€)=
A+ AV= 4V
gxv vul
-sputod ayy [eqe| pue sajFuenly W
pajSue-ySi a4y ayp ojajdwio) A (s'¢)v X
\ [4
eLM= 0d <
¥9+6=
Bt = (9's)y (9'7)d
L0-yD+ (9=
MO +ad= ,0d
(t1'S)0
v o
sdonnjog
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CIRCLES

Circle Properties

As well as knowing the names of all the bits in a circle, Remember — a fangent is
there are some important facts that you must also know. a straight line that fouches
a circle at one point only.
If AR is the diameter of 2 A perpendicular from the
circle, any angle drawn at centre of a circle O fo a The angle between a
the circumference on this chord bisects that chord. radius and the point of
diameter is always a right tangent is a right angle.
angle.
A
!
B X Y
Example: « O is the centre of the circle radius 6.8cm.
/s IfABis a chord of 1.9 em, find the area of the triangle.
E\ / /// OK. To find the area first we need the perpendicular height, and that's
e " the line that's going fo cut AB in half, so it's over to Pythagoras again:
P = 6.8 - 5.95
O That makes the perpendicular height h = 8.292085844 cm

8o now the area’s easy — just half of 11.9 multiplied by the height
we've just found.

A 11.9cm B In other words: Area = 19.6cm (fo I d.p)

Now your turn...  Points A, B, C and D lie in clockwise order on a circle. AB = 4em, BC = Bem
and CD = 3.5cm. AC is a diameter. Find the area of the quadilateral ABCD.

(d'p | op) JTOZZI 40 [ejos puesS e of sewoo geyy Fupunoi pue JeyoFo} seade omi ayy Fuippy

o z
S gelam ey = VIGVILOLSE XSE 99 of SuloF s 9ayy jo Base oy o5

Wo plgpll0LS°E =
(:5€ -8 = av
:uee oym-mowy-nofi s,41 0s qy o yiSus| ayj pasu am moyy

g
JU09 = EXg snlsiggyy o eade ay|
(VG'v'e esiggy) wog = gy teys Aeme wySiens eas ueo ey

yafewelp & s QY 1 ssjgue ydli aq yjoq gsnw 9gy pue 9qy sejSuy
‘goinjog

~
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Proporiion

Two quantifies are in direct proportion if one is a constant multiple of the other.
An example of direct proportion could be:

The number of books sold and the total cost of them.

You can show proportionality using algebra.

If x is proportional fo y we can wrife this as: — x ey

proportionality Equations

This proportionality statement can be replaced by a proportionality equation: x = ky
where k i the constant of proportionality or the constant multiple.

Here's how you work out what k is:

If x<y then x = ky
If we know that x = 18 when y = 6 then we can see that k = 8 in this case.

So: x=38y

| sguared and cubed terms

We can have direct proportion that involves squared and cubed ferms.

If a is proportional fo the square of b then:
aecb® and a=kb?

e.g. If a<b? and we know thata = 24 when b = 2
then: 24 = 4k

80: k=26 ie.

Now you have a go af some:

I. Given that y is directly proportional to x® and that y = 9 when x = 3,
find y in terms of x.
0. Given that a is directly proportional fo b” and that a = 4.82 when
= 1.20, find a when b = 2.5

Gq/'gl =& 'GT = qusym os EXE:A pue E=>/
L L

g = > 0s

bl = o&Y 95

0l =49 uaym o7 = ¢

=% 05 g=e =4 05 X=A

T = 6 0s
g=xuaymg = h

suolnjog
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Proportion

Lﬁmfeme nroportion

—~ e

fwo quanfifies are in inverse proportion if one quantity is
other is divided by the same number.

You write a is inversely proportional fo b as: a x%

e.g. p i inversely proportional fo q and p = 24 when q = 2.
I. Find the proportionality equation for p and q.
2. Find the value of p when g = 4

48
I pxl a6 pzﬁ 2. When g = 4 then p=—
. q q q

=24 when g =2 48
; * p=— so | p=1I2

24:% so k = 48

8o the proportfionality equation is | P = r

Now you have a go at some:

I. Given that y is indirectly proportional fo x2 and that y = 0.25 when x = 2,
find y in terms of x.

2. Given that p is inversely proportional to \[q and that p = 2 when
g = 25, find p when q = 36.

é =d ‘gg=b uaym os

k]
oL

E/\ £ A pue =y :os

oL
Z-=g70 :os

0L=> ‘o1 E/‘zz A
A

:0s gz =b usy; z=d usaym

X X
—ti/\:d oS E—ﬁx,d <~ O 8_:ﬁ os S—xﬁ yi
L

K3 b l

Z =XxXuaym Gggo = A

suolnjog
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Formula Sheet

m——

You'll need to learn these eventually...

Infegers (Z) 0, £1, £2, *3, =4
Rational numbers (Q) g, where p and q are integers (with q # 0)
Real numbers (R) all rational and irrational numbers ‘

Vab = avb

a=(va) =+ava

{

5

Adding and Subtracting
(with a common denominator):

S}
+
o

|

-+

oo 0 |o
j\¥)

I 0
o

Ol 0w
)

Taking out a common factor: ab+ac=a(b+c)
Multiplying out brackets in quadratic expressions:
(x+a)(x +b)=x*+(a+b)x+ab

(x+a)(x—a)=x"—a’

2T

If y is proportional to x, write either: |

(i) yex or (ii)y=kx

(i) Gradient of a line through points (x,,y;) and (x,,y,) is given by:
difference in y-coordinates _y, -y,
difference in x-coordinates  x, — X

Gradient =

(i) Equation of a straight line can be written: y =mx +c

where m is the gradient and c is the y-intercept.

(i) Distance between two points is given by:

(distance)? = (difference in x-coordinates)’ + (difference in y-coordinates)’

...80 why not do it now

Forrmula Sheet



